Abstract. This paper gives exact rates of quadratic approximations to an infinite class of cubic Pisot numbers. We show that for any cubic Pisot number q, with minimal polynomial p, such that p(0) = −1, and where p has only one real root, then there exists a C(q), explicitly given here, such that:
Introduction
The study of continued fractions is the study of finding good rational approximations an bn to irrational numbers α [1, 5] . Finding these good rational approximations is equivalent to finding good linear approximations b n α − a n to zero. The idea of finding good linear approximations to zero extends to finding good quadratic approximations of an irrational number q to zero of the form A n q 2 +B n q+C n . Clearly, if q is quadratic, then A n , B n and C n can be solved exactly in the integers. Here we consider the case when q is a particular type of cubic Pisot number. Recall: Definition 1. A Pisot number is a real algebraic integer, all of whose conjugates are of modulus strictly less than 1. A Pisot polynomial is the minimal polynomial of a Pisot number.
The class of cubic Pisot numbers that we consider is: Definition 2. Let P be the set of Pisot numbers with Pisot polynomial p such that:
(1) p(0) = −1, (2) deg(p) = 3, (3) p has only one real root.
We see that requirement (3) does not necessarily follow from requirements (1) and (2) since x 3 − 3x 2 − 4x − 1 satisfies the first two requirements, yet has three real roots, of approximately -0.6920214716, -0.3568958679 and 4.048917340. We easily see that this class is non-trivial and infinite.
Let us again consider the case of linear approximations to zero as it arises from continued fractions. It is known [1] that if α is an algebraic number and A and B are integers such that |Bα − A| ≤ 1 2B , then A/B is a convergent of α. From this it follows that for 0 < b < B we have |Bα − A| < |aα − b|. In other words, P (x) = Bx − A is the best non-trivial linear approximation to zero at α bounded by height max(A, B). We prove a similar result here for quadratic approximations of q ∈ P to zero.
The classic result, known as Louiville's inequality (see for example [10] ), shows that if α is an algebraic number of degree d ≥ 2, then there exists a D(α) such that
Another result worth noting (see Schmidt [12] ) shows that for every > 0, and an algebraic number q where 1, q and q 2 are independent, there are only a finite number of integer quadratics P such that
Here H is the height of a polynomial P . What Schmidt shows is actually more general than this, showing that if 1, α and β are linearly independent algebraic numbers, then there are only a finite number of solutions to
for integers a, b and c.
Roth's classic result [11] states that if α is an algebraic number, then for all > 0,
has only finitely many solutions over the integers. The main open question with respect to this is whether an effective upper bound for q (dependent on ) can be found. This paper answers the equivalent question for quadratic approximations for q ∈ P, finding an explicit upper bound for the height of P , dependent on , after which there are no solutions to
In Section 2 we prove the existence of a sequence of good quadratic approximations to zero for q ∈ P. Section 3 proves that the sequence described in Section 2 is the best possible. In Section 4 we show that C(q) < 1 for all q ∈ P, where C(q) is a factor which indicates how good an approximation the sequence of quadratics gives. Section 5 determines a bound on the height of a quadratics P (dependent This section shows the existence of a sequence of quadratics that give good approximations to zero when evaluated at q. First we need to define C(q). Here and throughout, τ represents the Golden ratio (the maximal root of x 2 − x − 1).
Definition 3. Let q ∈ P, with conjugates q 1 and q 2 . If q > τ, then
For convenience we denote
and
Theorem 2.1. If q ∈ P, then for all > 0 there exists a sequence of integer quadratics
Proof. Let q ∈ P and let p be the minimal polynomial of q. Notice that p is of the form
. Then A n , B n and C n can be written as
where β = 1 q with γ andγ the conjugates to β. It is worth noting that a 2 =ā 3 , b 2 =b 3 and b 2 =b 3 . Since β < 1, for any > 0 there exists an N , such that for all n ≥ N we have |a 1 
(Basically, we can ignore β from here on in.) We know that γ has an irrational angle in the complex plane, and hence we can get arbitrarily close to any angle with powers of γ. Thus the height of P n can be written as
Here α is an irrational angled complex number with modulus 1. Thus for any > 0, we can choose a subsequence of n, say n i , such that
We now show that for q > τ
| is a consequence of this (for q > τ). We see that a 2 θ + a 3θ , b 2 θ + b 3θ and c 2 θ + c 3θ are all real. Thus there are two cases to solve for when
Before looking at these two cases, we need to explicitly solve for a 2 , a 3 , b 2 , b 3 , c 2 and c 3 in equations (1), (2) and (3). This gives
where q 1 and q 2 are the conjugates of q.
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Consider the case when b 2 θ+b 3θ = c 2 θ+c 3θ . We use the values for a 2 , a 3 , b 2 , b 3 , c 2 and c 3 as given in equations (4) through (9) . Solving for (
Further, for this θ, we get
Now consider the case when
We use the values for a 2 , a 3 , b 2 , b 3 , c 2 and c 3 as given in equations (4) through (9) . Solving for (
On noticing that
So for q > τ we have C 1 (q) ≥ U (q) and C 2 (q) ≥ U (q); hence
For q < τ there are only two cases to consider. If q is the first Pisot number, where
If q is the second Pisot number in P, where q 3 − q 2 − 1 = 0, then
Thus we see that U (q) ≤ C(q) and the result follows.
Proof of a lower bound to all quadratics
This section shows that the sequence of P n described in Section 2 is the best possible. Proof. Let P be an integer quadratic, q ∈ P, and q 1 and q 2 =q 1 the two conjugates of q. Since P is quadratic and q is of degree three, we know that P (q) = 0. This implies that |P (q)P (q 1 )P (q 2 )| ≥ 1 and hence
.
Since P (q 1 ) = P (q 2 ) we see that P (q 1 )P (q 2 ) is real and greater than 0, hence
We know from Theorem 2.1 that we can find quadratics that evaluate arbitrarily close to zero at q. Thus, except for finitely many exceptions,
where S is a real quadratic.
Finding the maximum in equation (10) is the problem of finding a maximum magnitude on a convex polytope; thus the maximal value is attained on an extreme point (i.e., a corner point). We examine the equation max(S(q 1 )S(q 2 ) : H(S) ≤ 1, S(q) = 0, S is an extreme point) (11) more carefully. We see that S is an extreme point if and only if it is of the form S(x) = ax 2 + bx + c where:
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Summarizing these 6 cases shows that if q > τ equation (11) is equal to
and if q ≤ τ , then equation (11) is equal to
Or equivalently, taking 0 = C(q) if q > τ, then
and if q ≤ τ , then
for all but finitely many integer quadratics P , which is the desired result.
It is worth pointing out that when q > τ, both of the cases of C(q) = C 1 (q) and C(q) = C 2 (q) do occur, as demonstrated in Table 1 . This table lists all q ∈ P, 1 < q < 5, along with their minimal polynomials, and C(q), and whether C(q) = C 2 (q). These Pisot numbers are found using the techniques of David Boyd, as described in [4] . The next section discusses when each case occurs, as well as showing that C(q) < 1. We see that if q → ∞, then q 1 → 0 which implies that x → 0 and y → 0, thus T 1 (x, y) → 1 and T 2 (x, y) → 1, and hence T (q) → 1.
Thus C(q) < 1 and further as q → ∞ we have C(q) → 1.
In Table 1 we indicate when C(q) = C 2 (q). (When C(q) = C 2 (q) and q > τ, then C(q) = C 1 (q).) Figure 3 gives a graphical interpretation of when C(q) = C 2 (q). Which value C(q) takes depends on the location of q 1 in the complex plane. If q 1 is in the interior of the convex curve (where the real part is less than zero), then 
Bounds for the height with respect to
Let q ∈ P. We know from [12] that
has only finitely many integer quadratic solutions. Here we find an upper bound for H(p) (dependent on ) for all of these solutions.
We see from Theorem 3.1 that |P (q)| ≥ C(q)− H(P ) 2 in all but finitely many cases. Let us re-examine the proof of Theorem 3.1 to find a lower bound for |P (q)| that holds in all cases. We rewrite equation (10) as
by not binding S(q) arbitrarily close to zero. This is true for all integer quadratics P . Again, we notice S must be an extreme point, hence this can be rewritten as
So we see that there is a solution only if 1
,
This proves the following theorem.
Theorem 5.1. If q ∈ P with q 1 =q 2 the conjugates of q and
then there are no integer quadratic solutions P to
Further research
This paper is complete in itself, but it doesn't give a proper accounting on where this problem occurs, and why we are looking at it in the first place. For this we need one more definition.
There is much research on l m (q) when q is Pisot. For an overview, see [2, 8] . It is conjectured, but not known that l 1 (q) > 0 if and only if q is Pisot. For general m and q the Golden ratio, l m (q) is known. If F k is the kth Fibonacci number (
. In [2] a method to calculate l m (q) for all Pisot numbers q and all integers m is given. A tabulation of other l m (q) for various m and q, based on these methods of calculations is found at [7] . Upon examination of these tables, we find other patterns similar to that of l m (q) for q is the Golden ratio. One such pattern is described in [3] for all unit quadratic Pisot numbers. Another pattern is for the first and second Pisot numbers, ω It appears that something also happens for the Pisot root of the polynomial x 4 −x 3 −1. Even less work is done for this case to determine if the pattern continues, or if these ideas can be extended to an even wider class of Pisot numbers. This paper leaves some questions unanswered.
(1) Is this pattern for the first two cubic Pisot numbers in fact true for all m? (This we believe is true.) (2) If so, what is the relationship between n and m in the equation P n (ω i ) = l m (ω i ), for i = 1, 2? (3) Is this pattern true to a limited extent for any of the other Pisot numbers q in P? (Which we also believe to be the case.) If we define C max (q) := max |θ|=1 (max(|a 2 θ + a 3θ |, |b 2 θ + b 3θ |, |c 2 θ + c 3θ |)) 2 , then we believe that: Conjecture 1. For q ∈ P, for all m, l m (q) = P n (q) for some n if and only if C max (q) < 1.
However we also believe that Conjecture 2. For q ∈ P, C max (q) < 1 if and only if q is the first or second Pisot number.
Finally, we believe that Conjecture 3. For q ∈ P, for infinitely many n, P n (q) = l m (q) for some m.
